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A Difcourfe concerning the Meafnre of the Airs re¬ 
finance to Bodies moved in it. By the Learned 
John Wallis £ T.D. & R. S. Soc. 

r. 'X' Hat the Air ( and the like of any other Medi- 
1 urn") doth coniiderably give reliiiance to Bo- 
dies moved in it, ( and doth thereby abate their Celerity 
and Force:) is generally admitted. And Experience doth 
atteft it: For otherwile, a Cannon Bullet projected Hori¬ 
zontally, fhould ( luppofing the Celerity and Force undi- 
mimfhed ) ftrike as hard again ft a perpendicular Wall, e- 
refted at a great diftance, - as near at hand $ which; wiefiiid 
it doth not. 

2. But at what Rate, or in what Proportion, fuch re- 
fiftance is ; and / conlequently, at what Rate the Celeri¬ 
ty and Force is continually diminifhed ) leems not to have 
been fb well examined. Whence it is, that the Motion 
of a Project (fecluding this Confideration ) is commonly 
reputed to deferibe a Parabolick Line; as arifing from an 
Uniform or equal Celerity in .the Liue of Projection, and 
a Celerity uniformly accelerated in the Line of Defcent: 
which two lb compounded, do create a Parabola. 

3. In order to the computation hereof ; I firft premile 
this Lemma, (as the moft rational that doth occur for my 
firft tooting,) That ( fuppofing other things equal) the 
refillance is proportional to the Celerity. For in a double 
Celerity, there is to be removed (in the lame time) twice 
as much Air, (which is a double Impediment) in a treble, 
thrice as much ; and lo in other Proportions. 

4. Sup pole we then the Force imprelTed ( and con- 
fequently the Celerity, if there were no refiftance d as 1 ; 
the refiftance as r. (which mu ft be dels than the Force, or 
elle the Force would not prevail over the Impediment, to 
create a Motion A And therefore the effective Force at a 
firft Moment,is to be reputed as i—r : That is, lb much as 
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the Force imprefled, is more than the Impediment or Re¬ 

fiftance. 

5. Be it as 1— r to 1; fo 1 to w. ( which m is there¬ 
fore greater than 1.) 

6. And therefore the effedtive Force (and conlequent- 

A 

ly the Celerity ) as to a firft Moment, is to be m of what 
it would be, had there been no refiftance. 

A 

7. This m is alio the remaining Force after fuch firft 
Moment; and this remaining Force is ( for the lame Rea- 
lon ) to be proportionally abated as to a lecond Moment: 

X A 

that is we are to take m thereof,that is m m of the imprefled 
Force. And for a third Moment (at equal diftance of 

A A 

time) mmm\ for a fourth m 4 ; and lo onward infinitely. 

8. Becaule the length difpatched (in equal times) is 
proportional to the Celerities; the Lines of Motion ( an- 

fwering to thole equal Times )are to be as w, m 1 , m\m 4 7 
&c. of what they would have been, in the lame Times, 
had there been no refiftance. 

9. This therefore is a Geometrical Progreftion; and 
( becaule of/» greater than 1 ) continually decreafing. 

10. This decreafing Progreftion infinitely continued 
(determining in the lame point of Reft, where the Mo¬ 
tion is fuppoled to expire) is yet of a Finite Magnitude; 

J 

and equal to m~\ of what it would have been info much 
Time, if there had been no refiftance. As is demonftra- 
ted in my Algebra, Chap. 95 . Prop. 3. For (as I haveelle- 
where demonstrated) the Sum or Aggregate of a Geome¬ 
trical Progreftion is ( fuppofing V the greateft 

term > A the leaft, and R the common multiplyer.) 

. VR A 

1 hat is~—^ Now the prelent Cale, (luppo- 

fing the Progreftion infinitely continued) the leaft term A, 

be. 
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becomes infinitely fmall, or = o. And confetjuently^^- _ 
doth alto vanifh, and tnereby the Aggregate becomes 

^ ^ mi * 


R—i 


. That is 


(as will appear by dividing R . r»/r /iL ^ 

_ v __ . V . ijVRyV’Y 1^1 & c ' 


VRbyR-i ;) + 

JL 4 X 4 . &c . 

RS + R ,+ fl-i ’ 
(fuppofing the Progreflion 
to begin at i.) That is 
( dividing all by R, that (b 
the Progreflion may begin 

Jt Z^LqJL^KaJL 

R m'R—l R t RR 
y 

-j-jp That is, in our 
prefent Cafe ( becaufe of 
V~ifkR~m:) turner m* 


VR-V 


R 

V x 
R RR 

" ~ V 
' RR 

&e. 


i 

&c. = m-i. That is/ putting n — m — ij n of what it 
would have been if there had been no refiftance. 

it. This infinite Progreflion is fitly exprefled by an or¬ 
dinate in the exterior Hyperbola, parallel to one of the A- 
fymptotes ; and the ieveral Member of that, by the feve- 
ral Members of this, cut in continual Proportion. As is 
there demonftrated at Prop. 15. For let S H f (vid. Fig. IIIJ 
be an Hyperbola between the Afymptotes A B, AF : And 
let the ordinate D H (in the exteriour Hyperbola, paral¬ 
lel to A F : ) reprefent the imprefled force undiminifhed; or 
the Line to be defcribed in fuch time, by a Celerity anfwe- 
rable to fuch undiminifhed force. And let B S ( a like 

A 

ordinate^ be m thereof; which therefore, being lefs than 

DH 
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I) H fas being equal to a Part of it/ will be further than it 
from A F, In A B ( which I put = i / let Bd be fiich a 
Part thereof, as is BS of D H. Now becaufe f as is well 
known/ all the inlcribed Parellelograms, in the exteriour 
Hyperbola, A S , A H, &c. are equal; and therefore their 

fides reciprocal: Therefore as A d == i — m ( fuppofin 
Bdt o betaken, from Btoward A,) to A B= i, f or as 
w — t to » : / fo is B 6’ 

D H, tod b y which 1 m T ^ c ‘ 

is therefore equal to i 

X I- 

m—iofDH ;th at is fas m 

will appear by dividing i 

XX -f- — 

i, by m — i,/ to m-\- mm m 

JL | I _I 

^ Of ^ ^ ^ 

Or ifJS ^be taken be- - 

yond B; then as A d= 4. -i_ 

A 'mm 

i-f to^B=i,oras j 

1 . J -. - - 

*»-{- I to m , fo is m DH mm mm m 

todb y which is therefore , 


j. 1 _; 

m mm 


J-JL - — 

mm mm m 


equal to m -j- 1 DH’, that mm m 

isf as will appear by like dividing of 1 by m -f 1 ;) = to 
i _ x 4- A, — drc. of£>//. 


mm m 


i 2* Let fuch ordinate dh, orf equal to it in the Afymp- 
tote/^ F, be io divided in L, M, N &c. f by perpendiculars 
cutting the Hyperbola in /, ?», n, &c. / as that FL, LM 

S A JL 

&c. That is, lb continually de- 
creafing, as that each antecedent be to its confequent, as 

1 to j of aso» to 1. - See Fig, IV 
1 o This is done by taking A F,AL t A N, 8rc. in fiich 

proportion.. For, of continual proportionals the diffe¬ 
rences are ailb continually proportional, and in the feme 

pro- 


■5 as 
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proportion. For let A,B,C } D, &x\ be fuch proportionals; 
and their differences a, b, c, &c. That is A ~B~ a, B — 
C = £,C-D = f,'& c. 

Then, becaufe A,B, C,D, &c. are in continual proport: 
That is A. B:: B. C:: C. D :: &c. 

And dividing A — B. B:: B—-C. C:: C — D. D:: 8t c. 
That is a. B:: b. C:: d. D:: &c. 

And alternly a. b. c. &c.:: B. C. D. &c.:: A. B. C. &c. 
That is, in continual proportion as A to B, or as m to i. 

14. This being done; the Hyperbolick (paces Fl,Lm, 
M n> 8tc. are equal As is demonftrated by Gregory San- 
Vincent ; and as fuch is commonly admitted. 

15. So that FI, Lw, Mn, &c.rrray fitly repretent e- 
qual times, in which are difpatched unequal lengths, re- 
prefented by FL y L M, MN, &e. 

16. And becaufe they are in number infinite ( though 
equal to a finite Magnitude ) the duration is infinite; And 
confequenlty the impreffed force, and inotion thence ari- 
fing, never to be wholly extinguifhed ( without fome fur¬ 
ther impediment ) but perpetually approaching to ^, in 
the nature of Afymptotes. 

17. The (paces FI, F m, Fn, &c. are therefore as Lo¬ 
garithms ( in Arithmetical progreffion iucreafing )■ an- 
lwering to the lines AF, AL, AM, 8rc.; or to F L, L M r 
MN, &c. in Geometrical progreffion decreafing, 

X JL JL 

18. Becaufe FL, LM, M N, &c. are as m, mm, m 3 ,&c 
(infinitely ) terminated at A ; therefore ( by 5T *0 ) their 
Aggregate FA or dh, is to DH, ( fo much length as 
would have been difpatched,. in the fame time, by fuch 
impreffed forceundiminifhed ) as 1 tow — \—n, 

19. If therefore we take,, as 1 to n, fo A F to DH', this 
will reprefen t the length to be di(patched,inthe lame time, 
by (uch undiminilhed force. 

20. And if fuch DHbefuppofed to be divided into e- 

qual parts innumerable ( and therefore infinitely (mail ;) 
thefe anfwer to thofe ( as many ) parts unequal in FA, 
or b d. a * 
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in But, what is the proportion of t to r, or ( which 
depends on it ) of i — r to i, or i to m j remains to be 
inquired bv experiment, 

22. If the progreflion be not infinitely continued • but 
end ( fuppofe ) at N, and its leaft term be A =s MN j then, 

out of rr~~ — = 4- &c. is to be fubduCted 


m mm m 


a 

r asa tf io ) that is ( as by divifion will appear J 
4 * Wi 4 * &c. That is (in our prefent cafe ) ~ 4 * 

U A A W 

——f- — 3 fcc. And fo the Aggregate will be ^— a 4 - 
mm ' m do d m * mm 




And thus as to the line of Projection, in which ( feclud- 
ing the refiftance ) the motion is reputed uniform ; dif- 
patching equal lengths in equal times. Confider we next 
the line of Defcent. 


23. In the Defcent of Heavy Bodies, it is fuppofed, 
that to each moment of time, there is fuperadded a new 
Impulfe of Gravity to what was before: And each of 
thefe, fecluding the confideration of the Airs refiftance, to 
proceed equally ( from their feveral beginnings J through 
the fucceeding moments. As (in the erect lines) 

1111 &c. 1 1 1 &c, 1 1 See. r &c. and fo con- 1 
tinually as in the line of of Projection. 1 x 

24. Hence arifeth (in the tranfverfe lines ) 1 1 1 
for the firft moment 1 , for the fecond 1 -f- r, 1 1 1 1 
for the third i -j- 1 -j- *» r*nd fb forth, in A- &c. 
rithmetical progrelfion : As are the Ordinates 

in a Triangle, at equal diftance. 

25. And fuch are the continual increments of the Di¬ 
ameter, or ot the ordinates in the exterior Parabola, an- 
fBering to the interior Ordinates, or Segments of die Tan¬ 


gent 
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gent, equally increafing. As is known, and commonly 
admitted. 

2 6 . If we take-in the confideration of the Airs refiftence • 
we are then for each of thefe equal progreffions, to fub- 
ilitute a decreafing progreffion Geometrical; in like man¬ 
ner ( and for the lame reafons ) as in the line of Projec¬ 
tion. 

27. Hence arileth, for the firft mo- « 

x i x m 

ment m \ for the fecond m-\- w? 2 ;for the x 2 x 

x x x m m 

third m -\-m l &:c. And fuch is x. x 2 x 
therefore the Delcent of a heavy Body m mnt 
falling by its own weight. The feve- ^4 ^ ^ ^ 
ral impulles of Gravity being fuppoled 
equal. 

28. That is (in the figure of 12 ) as FL, FM, FA 7 , 
&c, in the line of Delcent, anfwering to FL, L M, MN, 
&c. in the line of Projection. 

29. But though the Progreffions for the line of Projec¬ 
tion, are like to each of thole many in the line of Delcent: 

it is not to be thence inferred, that therefore m in the one, 

is equal to m in the other: But in the line of Projection 

(fuppole J—/( fuch a part of the force imprelfed, and 

a celerity anfwerable: ) in the line of Delcent,— g ( fuch 

a part of the Impulfe of Gravity .) 

jo. Thofe for the line of Defcent ( of the lame Body ) 
are all equal, each to other: Becaufe g (the new Impulle 
of Gravity,! in each moment is fuppoled to be the lame. 

3 5. But what is the proportion of f to g( that of the 
force imprelfed, to the Impulle of Gravity in each Body ) 
remains to be enquired by Experiment. 

32. This proportion being found as to one known 
force; the fame is thence known as to any other force 

Mm ( who’s 
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(who’s proportion to this is given ) in the fame uniform 
Medium. 

33. And this being known as to one Medium ; the fame 
is thence known as to any other Medium , the proportion 
of who’s refinance to that of this is known. 

34. If a heavy body be projected downward in a pendi- 

a jo¬ 
cular line; it defcends therefore at the rate m> mm y m\ & rc. 

J. A a a 

of f (the impreffed force ) increafed by m, m -f- 

A A 

m* -f- md &c. ofg the impulle of Gravity : ( by 7. & 
27. ) Becaufe both forces are here united. 

3 5. If in a perpendicular projection upwards; it a 1 - 
cends in the rate of the former, abated by that of the lat¬ 
ter. Becauie here the impulle of Gravity is contrary to 
the force impreiTed. 

36. When therefore this latter ( continually increafing ) 
becomes equal to that former (continually decreafing ) 
it then cealeth to alcend ; and doth thenceforth delcend 
at the rate wherein the latter continually exceeds the for¬ 
mer. 

37. In an Horizontal or Oblique projection : If to a 
Tangent who’s increments are as FL, L M, MN , &c ; 

that is as -■“•/, &c. be fitted Ordinates ( at a given an¬ 
gle ) who’s increments are as FL, FM y FA 7 , Sec. that is 
as — g, &c: The Curve anfwering to the compound of 

thele Motions, is that wherein the Project is is to move. 

38. This Curve ( being hitherto without a name ) 
may be called Line a Projeftorum; the line of Projects, or 
things projected; which relembles a Parabola deform¬ 
ed. 

3 The Celerity and Tendency, as to each point of this 
line, is determined by a Tangent at that Point. 

40. And that againlt which it makes the greateft ftroke 

or 
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or percuflion, is that which ( at that point) is at right an¬ 
gles to that Tangent. 

41. If the Projection (at 2 7. ) be not infinitely con¬ 
tinued, but terminate (fuppofe) atiV, fb that the laft 
terrain the firft Column or Series ereCt be a ; and confe- 
quently in the fecond, m a ; in the third, mm a, & c. ( each 
Series having one term fewer than that before it :)then(for 
the fame reafons as at 22.) the Aggregates of the feve- 

ral Columns ( or ereCt Series ) will be — - , -——, 

n n 

-— mfn —. and fb forth, till ( the multiple of a becoming 
n 

= 1 ) the progreflion expire. 

42. Now all the abatements here, a, ma t mm a, 8cc. 
are the fame with the terms of the firft Column taken 
backward. For a is the laft, m a the next before it; and 
fb of the reft. 

43. And the Aggregate of all the Numerators is fb 

many times 1 as is the number of terms ( fuppofe r, ) want¬ 
ing the firft Column; that is ^ — -——, or —— 1 ; &r 

this agaiodivided by the common denominator n, becomes 

- -— ■- 1 -—And therefore ——ii is the line of 
nn nn * 7 

defcent by its own Gravity. 

44. If therefore this be added to a projecting force down¬ 
ward in a perpendicular ; or fubduCted from fuch project¬ 
ing force upward ; that is, to or fromThe De¬ 
fcent in the firft cafe will be——— f -j- — ~-^— g \ and 

n nn 0 

the Afcent in the other cafe 1 —- f — — 1 g. And 

in this latter cafe, when the ablative part becomes equal 
to the pofitive part, the Afcent is at the higheft: and 

Mm thence- 
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thenceforth ( the ablative part exceeding the pofitive ) it 
'will defcend. 

45. In an Horizontal or Oblique projection; having 

taken -—-f in the line of Projection, and thence ( at the 
n 

Angle given ) —--— g in the line of Defoent; the 

00 s nn O 7 

point in the Curve anfwering to thefe, is the place of the 
ProjeCt anfwering to that moment. 

46. I am aware of fome Objections to be made, whe¬ 
ther to fome points of the Procefs, or to fome of the Sup- 
positions. But I law not well how to wave it, without 
making the Computation much more perplexed. And in 
a matter fo nice, and which mull depend upon Phyfical 
Obforvations, t’will be hard to attain fuch accuracy as not 
to Hand in need of fome allowances. 

47. Somewhat might have been further added to di- 
reft the Experiments fuggelled at ^[21. and 31. But 
that may be done at leifure, after deliberation had, which 
way to attempt the Experiment. 

48. The like is to be laid of the different refiftence 
which different Bodies may meet with in the fame Medi¬ 
um, according to their different Gravities ( extehfively or 
intenfively confidered ) and their different figures and Po- 
fitions in Motion. Whereof we have hitherto taken no 
account; but fuppofed them, as to all thefe, to be alike 
and equal. 

Pofi-fcrift. 


49. The computation m f 4h 42, 43, may (if that be 
alfo defired ) be thus reprefonted by Lines and Spaces. The 
Ablatives a, m a, m m a, &c. ( being the fame with the firft 
Column taken backward ) are fit!) reprefonted by theftg- 
ments of TV F( beginning at N) in Figure IV. and V. and 
therefore by Parallelograms on thefe Bafos, affuming the 
Common hight of F h, or Vf): the Aggregate of which 

is 
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is Nb, or F And, fo many times I, by fo many e- 
qual (paces, on the (ame Bales, between the fame Paral¬ 
lels terminated at the Hyperbola: The Aggregate of 
which is h F N From whence if we fubduQ: the Ag¬ 
gregate of Ablatives F<£?_; the remaining trilinear h 
reprefcnts the Defcent. 

50. If to this of Gravity, be joyned a projecting Force; 
which is to the impulfe of Gravity as h ^ to h F ( be it 
greater, le(s, or equal ) taken in the fame line: the fame 
parallels determine proportional Parallelograms, whole 
Aggregate is 

51. And therefore if this be a Perpendicular Proje&ion 
downwards; then hK,kn( thefomme of this with the 
former ) reprefcnts the Defcent. 

52. Ifitbea Perpendicular upwards; then the diffe¬ 
rence of thefe two reprefcnts the Motion: which fo long 
as /C<Q^. is the greater, is Afcendent: but Defcendent 
when h Sjt becomes greater: and it is then at the higheft 
when they be equal. 

53. If the Projection be not in the fame Perpendicular, 

( but Horizontal, or Oblique ) then /C reprefcnts the 
Tangent of the Curve; and bQjt the Ordinates to that 
Tangent, at the given Angle. 

54. But the Computation before given I take to be of 
better ufc than this reprefcntation in Figure. Becaufc in 
fuch Mathematical enquiries, I clioofe to fcparate (as 
much as may be ) what purely concerns Proportions ; and 
confider it abftraCUy from lines or other matter where¬ 
with it is incumbered. 

As to the queftion propofed ; whether the refinance 
of the Medium do not always take off fuch a proportional 
part of the force moving through it, as is the Specifick 
Gravity of the Medium to that of the Body moved in it.* 

( for, if fo, it will lave us the trouble of Obfcrvation. ) 

I think this can by no means be admitted. For there be 
many other things of conlideration herein, befide the In¬ 
tent 
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tenfive Gravity {'or, as fbme call it, the Specifick Gravity,, 1 
of the Medium. 

A vifcous Medium fliall more refill:, than one more flu¬ 
id, though of like Intenfive Gravity. 

And a fharp Arrow lhall bore his way more eafily 
through the Medium , than a blunt headed Bolt, though 
of equal weight, and like intenfive Gravity. 

And the fame Pyramide with the Point, than with the 
Bale forward. 

And many other like varieties, intended in my If 48. 

But this I think may be admitted,, namely, That dif¬ 
ferent Mediums , equally liquid, ( and other circumfiances 
alike ,) do in fuch proportion refill, as is their Tntenfive 
Gravity. Becaufe there is, in fuch Proportion, a heavi¬ 
er object to be removed, by the fame Force. Which is 
one of the things to which If 3 3. refers. 

And again: The heavyer Project once in motion, ( be¬ 
ing equally fwift, and all other circumftances alike,/ moves 
through the fame Medium in fuch proportion more ftrong- 
ly, as is its Intenfive Gravity. For now the Force is in 
fuch proportion greater, for the removal of the fame re¬ 
finance. And this part of what my ^f 32. infinuates. 

But where there is a complication of thefe confiderati- 
ons one with another, and with many other circumfian- 
ces whereof each is feverally to be confidered: there mult 
be refpeft had to all of them. 
















